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Abstract

The effective medium model is a modified model for flow through beds of perfusive particles. This model accounts for the advantages
in the existing models and eliminate most of their disadvantages. This model consists of a perfusive particle surrounded by a hypothetical
envelope that has fluid only. This envelope is surrounded by a swarm of perfusive particles with permeability equal to the bed permeability.
The analytical solution has been obtained by solving Brinkman’s equation in the swarm and the perfusive particle and Navier–Stokes
equation for creeping flow in the envelope. This model has proven to converge to the existing models. Where, the proposed model is more
general. The validity of this model has been tested through the relation between its parameters, where a relation has been derived through
the macroscopic and microscopic force balances on a perfusive bed and a single perfusive particle, respectively. The analysis shows that
the result from the effective medium model is in a good agreement with the available experimental data for overall bed permeability.
© 2004 Elsevier B.V. All rights reserved.
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1. Introduction

Chemical processes that use porous particles with inter-
connected pores, i.e., perfusive particles, has emerged as a
novel approach to solve the backpressure problems and low
efficiency in packed beds such as HPLC,[1–4], also, this ap-
proach has show a significant effect in reducing hot spots in
exothermic reactors,[5,6] and increasing the effectiveness
factor for heterogeneous reactions,[7–10].

The improvement of most of the chemical processes that
uses perfusive particles has been justified by Rodrigues et al.
[11], through augmented diffusivity,Daug, concept,Eq. (1),
where,Di is effective particle diffusivity andf(λ′) is defined
by Eq. (2)with λ′ as particle Peclet number. Where, value
of augmented diffusivity increase with increasing amount
of flow that pass through the perfusive particle, which in-
dicates less resistance to mass transfer through the particle,
i.e., higher efficiency. And since flow through perfusive par-
ticles is the major phenomenon that distinguishes perfusive
processes from other conventional processes and since it is
required to modify other process properties such as aug-
mented diffusivity, overall bed permeability, mobile to parti-
cle mass transfer coefficient and dispersion coefficient, then
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good estimation of the velocity profile internal and external
to the perfusive particle would be of great important.

Daug = Di

f(λ′)
(1)

f(λ′) = 3

λ′

(
1

tanh(λ′)
− 1

λ′

)
(2)

Wheeler[12], was one of the first to discuss flow through
porous particle and when it becomes important. Unfortu-
nately, they did not provide a method to estimate intraparticle
velocity. In recent decades, intraparticle velocity has been
estimated as fraction of the superficial velocity as first at-
tempt,[1,13]. After that, more advanced models have been
proposed,[14–16]. Among those models, two major models
for predicting the entire velocity profile are of interest. First
proposed model is the cell model,Fig. 1A, which has been
proposed by Neale et al.[15]. This model is an extension to
Happel’s model for impermeable particles,[17]. While the
second proposed model is the swarm model,Fig. 1B, which
has been proposed by Davis and Stone[14]. This model is an
extension to Brinkman’s model for impermeable particles,
[18]. In both of them a second-degree momentum balance
has been used and solved analytically, i.e., Brinkman’s and
Navier–Stokes equations for creeping flow.

Since the convection inside the perfusive particle is the
new phenomena under study, then using a good and valid
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Nomenclature

b1 perfusive particle radius
b2 hypothetical envelope radius
D diffusivity
k permeability
P pressure
r radial position
R dimensionless radial position= r/b1
U imposed uniform velocity vector
u velocity vector

Greek letters
β dimensionless resistance to the flow= b1/k

0.5

ε void fraction= 1 − φ

λ ratio between the envelope and the particle
radiuses= b2/b1

λ′ particle Peclet number= uib1/(2Di )
µ viscosity
τ shear stress

Subscript
aug augmented
e external
en envelope
i internal or inside the perfusive particle

model from theoretical and experimental viewpoints would
be of great importance. Unfortunately, cell and swarm mod-
els have carried the same advantages and disadvantages asso-
ciated with Happel’s and Brinkman’s models, respectively.
The cell model does not account for the effect of the neigh-
boring particles on the predicted flow. While the swarm
model does not account for the flow characteristic around
the perfusive particle, it underestimates overall permeability
of beds with low porosities, and it is not valid for perfusive
beds with porosity less than 0.35 and packed with perfusive
particles that have a permeability less than 10−3 b2

1, where
b1 is the perfusive particle radius,[14].

When the perfusive processes have emerged as new tech-
nique for protein separation, the cell model was the first and
the only advanced flow model to be used,[2]. This model
can predict the internal flow inside the perfusive particle
very fairly, but it is physically not feasible for the external
flow prediction since it has the discontinuity of the velocity
profile at the surface of the hypothetical envelope. On the
other hand, the swarm model does not have this disconti-
nuity in the velocity profile. But, unfortunately, the region
where the swarm model is invalid is the practical region for
existing perfusive processes. Thus, a new model is required:
(1) to circumvent the major disadvantages of the existing
models; and (2) as a tool for comparison with the cell model
predictions in the practical region.

In 1974, an effective medium model for impermeable
particle that accounted for the major disadvantages of both
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Fig. 1. Schematic draw of the (A) cell model; (B) swarm model; and (C)
effective medium model.

Happel’s and Brinkman’s models was proposed[19]. This
model has shown a good agreement with the experimen-
tal data of impermeable packed beds for both permeability
measurements and heat and mass transfer parameters mea-
surements,[19–23]. Also, this model has the potential to be
valid in the regions where the swarm one is not valid and
the potential to provide complete velocity profile where the
cell model does not provide. Therefore, this model will be
extended to the case of perfusive particles. First, the pro-
posed effective medium model will be solved using stream
function method. Second, the developed model will be com-
pared with the existing models to show that these models are
the limiting cases of the proposed effective medium model.
Finally, the effect of using perfusive particles on the overall
permeability of the perfusive beds will be calculated through
the effective medium model, and then it will be compared
with an experimental data.

2. Effective medium model

2.1. Model description

The effective medium model,Fig. 1C, is considered to
consist of a reference isotropic perfusive spherical particle of
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radiusb1 and internal permeability ofki surrounded by a hy-
pothetical spherical envelope of radiusb2, then both the par-
ticle and the envelope are imbedded in an infinite, isotropic,
and homogeneous external swarm of perfusive particles of
permeabilityke. Far away from the envelope, a uniform, in-
compressible, creeping, and Newtonian Darcy flow of veloc-
ity U occurs due to the pressure drop across the bed length.
The radius of the hypothetical envelope will be determined
by the porosity of the bed,εe, where the envelope volume
is considered as the bed void associated with the perfusive
particle. Accordingly, the envelope radius,b2, will be calcu-
lated byEq. (3), whereφ is the perfusive particles fraction
in the bed.

λ = b2

b1
= φ−1/3 = (1 − εe)

−1/3 (3)

2.2. Governing equations

The imposed uniform flow is considered in thez-direction
only, i.e.,U = Uδz, whereδz is the unit direction vector in
the z-direction. The flow field in the envelope is governed
by the Navier–Stokes equation, while the flow field in the
external swarm of perfusive particles and the reference per-
fusive particle is governed by Brinkman’s equation. Thus,
the governed equations are:

− µ

ke
ue + µ∇2ue = ∇Pe, r > b2 (4)

µ∇2uen = ∇Pen, b1 < r < b2 (5)

−µ

ki
ui + µ∇2ui = ∇Pi, r < b1 (6)

∇ · uj = 0, j = e, en, i (7)

where u and P are the velocity vector and the pressure,
respectively. And the subscripts e, en, and i refers to external,
envelope, and inside regions, respectively.

The boundary conditions that shall be used must represent
the actual physical system. Accordingly, the continuity of
the pressure, the flow vector, and the shear tensor through-
out the proposed model must be satisfied. Therefore, the ap-
propriate boundary conditions are shown below, whereτrθ
is the tangential shear stress.

ue = U, Pe = Po − µ

ke
U · r, r = |r| → ∞ (8)

ue = uen, Pe = Pen, τrθ,e = τrθ,en, r = b2

(9)

uen = ui, Pen = Pi, τrθ,en = τrθ,i, r = b1

(10)

ui = finite, Pi = Po, r = 0 (11)

3. Results and discussion

3.1. Velocity expressions

Stream function,ψ, method,[15,24], has been used to
solve the mathematical governed equations. The major ob-
tained expressions are:

ψe = U b2
1

2β2
e

[
A1

βeR
+ B2(βeR)2 + C1

(
1 − 1

βeR

)
exp(βeR)

+D1

(
1 + 1

βeR

)
exp(−βeR)

]
(sinθ)2 (12)

ψen = U b2
1

2

[
A2

R
+ B2R + C2R

2 + D2R
4
]
(sinθ)2 (13)

ψi = U b2
1

2β2
i

[
A3

βiR
+ B3(βiR)2

+C3

(
cosh(βiR)

βiR
− sinh(βiR)

)

+D3

(
sinh(βiR)

βiR
− cosh(βiR)

)]
(sinθ)2 (14)

whereβe = b1/k
0.5
e , βi = b1/k

0.5
i , R = r/b1, andAs, Bs,

Cs, andDs are constants determined by the boundary condi-
tions. The corresponding velocity components can be found
by usingEq. (15)for the radial component of the velocity
vector andEq. (16)for the tangential one. Then, the resulted
expressions for velocity vectors are used inEqs. (4)–(6)to
obtain the expressions forPe, Pen, andPi , respectively. The
constants expressions are shown inAppendix A.

ur = −1

b2
1R

2 sin(θ)

∂ψ

∂θ
(15)

uθ = 1

b2
1R sin(θ)

∂ψ

∂R
(16)

Pe = −1

2

µβeU

b1

(
A1

β2
eR

2
− 2B1βeR

)
cos(θ) + Po (17)

Pen = −µU

b1

(
B2

R2
+ 10D2R

)
cos(θ) + Po (18)

Pi = µβ2
i U

b1
B3R cos(θ) + Po (19)

After this point, all constants that are not function ofβi ,
βe, and λ will be replaced by their constant value in the
mathematical expressions.

3.2. Limiting cases

Effective medium model can be considered as a combina-
tion of the swarm and the cell models and as modification to
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Fig. 2. (A) Velocity profiles for the effective medium model asβi in-
creased; (B) convergence of the velocity profiles if the effective medium
model to velocity profile of the swarm model asλ decreased; compari-
son between cell model velocity profiles and the effective medium model
velocity profiles at (C) lowλ (λ = 1.26) and (D) highλ (λ = 4.6).

the original effective medium model for impermeable parti-
cles. Therefore, this model should represent all of them. Ac-
cordingly,Fig. 2has been constructed. InFig. 2A, it can be
noticed that asβi → ∞ (ki → 0), the proposed model rep-
resents the original effective medium model for imperme-
able particles. InFig. 2B, whenλ → 1 the proposed model
represents the swarm model for any value ofβi andβe.

In the case of convergence to the cell model, a main obsta-
cle that shall be faced is the difference in the physical system,
where the cell model does not predict beyondR = λ, while
the effective medium model predict. Therefore,Fig. 2C and
D had been constructed. Both of the figures show that the
effective medium model may present the cell model for a
specific combination ofλ andβe. Also, they showed that
the effective medium model represents the cell model more
accurately as the value ofλ increases.

Thus, the effective medium model can be considered as
the most general model for velocity prediction in systems en-
closed of permeable particles as well as impermeable ones.
Where, it can represent all the proposed models yet except
for the cell model at low values ofλ and this due to the
geometry of the proposed models and their boundary con-
ditions atR = λ.

3.3. Overall perfusive bed permeability

The prediction of overall perfusive bed permeability,ke, is
practically important because it gives a measure to how the
perfusive bed differs from the traditional one, and because it

gives us a tool to verify the proposed models experimentally.
To estimate the perfusive bed permeability,ke, in terms of
perfusive particle permeability,ki , and bed porosity,εe, the
following procedure has been adopted from Davis and Stone
[14].

Overall perfusive bed permeability,ke, relates to the im-
posed uniform velocity and the pressure gradient by Darcy’s
law, Eq. (20). Applying a macroscopic force balance on the
bed will give an expression for the drag force per particle,
FD, Eq. (21). Thenuen, r atR = 1 from the effective medium
model results has been used to calculate the magnitude of
the drag force per particle,Eq. (22).

U = −ke

µ
∇P (20)

FD = −∇P

(
4πb3

1

3φ

)
(21)

FD = −2πb2
1

∫ π

0
[(p + τrr) cosθ − τrθ sinθ]r=b1 sinθ dθ

= 4πb1µUB2 (22)

Finally, combiningEqs. (20)–(22), will yield a relation be-
tweenβi , βe, andλ = φ−1/3 = (1− εe)

−1/3, Eq. (23). This
relation and similar ones obtained for the swarm and cell
models,[14], are plotted inFig. 3 for comparison.

B2 − 1
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3 = 0 (23)
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Fig. 3. Overall bed permeability as function of the internal perfusive
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model; (—) the swarm model; (� � �) the effective medium model; (
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From Fig. 3, at low βi the three models predict almost the
same values of βe for all values of φ. On the other hand, at
high βi the predictions of the cell model and the effective
medium model of βe values are identical at low φ values,
but they are differ at high φ values. This proves that the
effective medium model converge to the cell model for high
porous beds (high λ).

On the experimental side, Pfeiffer et al. [25], has reported
that the permeability of a perfusive particle called POROS
is equal to 7.89 × 10−15 m2. While, Rodrigues et al. [26],
has reported that using the same kind of particle with diam-
eter equal to 20 �m in a perfusive bed that has a porosity
equal to 0.34 will result in overall bed permeability equal
to 2.42 × 10−13 m2. Fig. 3 shows where this experimental
data is located in the chart of βe versus βi for φ = 0.66
with respect to the predictions of cell and effective medium
models. As observed the single experimental data is located
within the range of the prediction of both models.

3.4. Comparison of the proposed effective medum model
with cell and swarm models

All the previous observations indicate that the new model
predict the overall bed permeability as accurate as the exist-
ing models, but it is not necessary that all of them predict the
same heat and transfer parameters as found recently, [21].

According to the derivation, the effective medium model
has account for flow characteristics that is not totally cov-
ered by the existing models. Also, from the results, it was
found that the effective medium model is valid in the region
where the swarm model is not and it has a continuous exter-
nal velocity profile, in which the cell model has not. Finally,
the effective medium model for impermeable particles has
shows a good result in heat and mass transfer rates as well
as in the prediction of permeability, [19–23]. Therefore, it
is a better candidate for predicting transport phenomena pa-
rameters in perfusive systems.

4. Conclusion

New effective medium model for predicting the flow in
a perfusive bed has been developed and solved analytically
by using the stream function. The new model accounts for
the characteristics of the flow around the perfusive particle
as well as the effect of the neighboring particles. The new
model consists of three regions, the internal region that ac-
counts for the perfusive particle, the envelope region that
accounts for the bed porosity, and the external region that
accounts for the swarm of the perfusive particles. The new
model has been proven to converge to the two existing mod-
els when the porosity is set to its limits.

Experimentally and theoretically it was proven that the
new effective medium model predict the overall permeability
as accurate as the existing models. On the other hand, it
has many advantages over the existing models, and it can

be used, in the future, as a better model in heat and mass
transfer problems.

Appendix A. Constant of integration expressions

A1 = −2β3
eλ

3 + 20βeλ
3D2 + 2βeB2 (A.1)

B1 = −1 (A.2)

C1 = A3 = C3 = 0 (A.3)

B3 = −1

β2
i

(B2 + 10D2) (A.4)

D1 = 6

δ1
[2β3

eλ
3 + β3

eA2 − 2βeB2 + (β3
eλ

5 − 20βeλ
3)D2]

×exp(βeλ) (A.5)

δ1 = 6 + 3β2
eλ

2 + 6βeλ + β3
eλ

3 (A.6)

D3 = −6β3
i (A2 + D2)

(6 + β3
i )βi cosh(βi) − (6 + 3β2

i ) sinh(βi)
(A.7)

A2 = (β2
e [3 + βeλ])−1{−λ(3β2

eλ + 4βe + β3
eλ

2)B2

−λ(6 + 3β2
eλ

2 + 6βeλ + β3
eλ

3)C2

−λ(−60λ2 + 3β2
eλ

4 − 20βeλ
3 + β3

eλ
5)D2

−λ(6βeλ + 3β3
eλ

3 + 9β2
eλ

2 + 6)} (A.8)

B2 = 6β2
i

δ2
{[((6λ + 15λ4 − 6λ6)β3

e + (6 + 15λ3 − 21λ5)β2
e

−45βeλ
4 − 45λ3)β2

i + (15λ + 30λ4)β3
e

+(15 + 30λ3)β2
e ] sin h(βi) − [((λ + 5λ4 − 6λ6)β3

e

+(1 + 5λ3 − 21λ5)β2
e − 45βeλ

4 − 45λ3)β2
i

+(15λ + 30λ4)β3
e + (15 + 30λ3)β2

e ]βi cos h(βi)}
(A.9)

C2 = −3

δ2
{[15[(λ + λ3)β3

e + (1 − λ2)β2
e ]β4

i

+((72λ + 30λ3 − 12λ6)β3
e + (72 − 30λ2 − 42λ5)β2

e

−90βeλ
4 − 90λ3)β2

i + 90β3
eλ + 90β2

e ] sinh(βi)

−[[(3λ + 5λ3 − 8λ6)β3
e + (3 − 5λ2 − 28λ5)β2

e

−60βeλ
4 − 60λ3]β4

i + ((42λ + 30λ3 − 12λ6)β3
e

+(42 − 30λ2 − 42λ5)β2
e − 90βeλ

4 − 90λ3)β2
i

+90β3
eλ + 90β2

e ]βi cosh(βi)} (A.10)

D2 = 3β2
eβ

2
i

δ2
{[3((λ + λ3)βe − λ2 − 1)β2

i

+6((λ − λ4)βe − λ3 + 1)] sinh(βi)

−[((λ + 3λ3 − 4λ4)βe − 4λ3 − 3λ2 + 1)β2
i

+6((λ − λ4)βe − λ3 + 1)]βi cosh(βi)} (A.11)
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δ2 = [δ21β
4
i + δ22β

2
i + 270β2

e + 270β3
eλ] sinh(βi)

−[δ23β
4
i + δ24β

2
i + 270β2

e + 270β3
eλ]βi cosh(βi)

(A.12)

δ21 = (−24 + 45λ − 30λ3 + 9λ5)β3
e

+(45 − 90λ2 + 45λ4)β2
e + 180λ3βe (A.13)

δ22 = (−60 + 216λ − 60λ3 − 6λ6)β3
e

+(216 − 180λ2 − 36λ5)β2
e − 270λ4βe − 270λ3

(A.14)

δ23 = (−4 + 9λ − 10λ3 + 9λ5 − 4λ6)β3
e

+(9 − 30λ2 + 45λ4 − 24λ5)β2
e

+(180λ3 − 180λ4)βe − 180λ3 (A.15)

δ24 = (−60 + 126λ − 60λ3 − 6λ6)β3
e

+(126 − 180λ2 − 36λ5)β2
e + 270λ4βe + 270λ3

(A.16)
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